Consider a one step forward looking self-referential model with a one dimensional state variable where the information set available to agents when they make their forecast for the next period includes the current realization of an extrinsic random process but does not include the current value of the state variable. Agents thus iterate twice on their beliefs about the law of motion of the system to generate their forecasts; this is as in models of learning and in contrast to the speci¯cation considered in the literature on sunspot equilibria where the extrinsic random process is the state variable. This paper demonstrates (and characterizes the conditions for) the existence of self-ful¯lling stochastic equilibria with bounded°uctuations driven purely by extrinsic beliefs for the model described above; furthermore, the existence of these equilibria is shown to be independent of the determinacy properties of the perfect foresight dynamics of the model. (Traditional sunspot equilibria appear as a special case of the formulation of the paper.) The paper indicates that the problem of multiplicity of rational expectations equilibria in these models is more severe than believed erstwhile.
Introduction
This paper demonstrates the existence of stochastic equilibria, driven purely by extrinsic uncertainty, in one step forward looking self-referential models with a one dimensional state variable. Expectation formation in the model is determined by functions that agents believe map the value of the state variable at a date to its value at the subsequent date while extrinsic uncertainty is modeled via a¯nite state Markov Chain. We show that there exist state dependent belief functions that are self-ful¯lling, that is, in every Markov state, the actual function linking the state variable across two successive periods coincides with the agents' believed function. The stochastic equilibria introduced in the paper are called functional sunspot equilibria (henceforth, FSE).
The building block for FSE are belief functions that are \backward looking", that is, at date t, the agents' beliefs about the value of the state variable at date t are determined not just by the current realization of the sunspot state (denoted s t ), but also by the state variable at date t ¡ 1 (denoted x t¡1 ) via a state dependent belief function, i.e., x e t = h(x t¡1 ; s). These beliefs are extrapolated one step forward to predict x t+1: In conjunction with the market clearing conditions, these beliefs determine x t , the market clearing value of the state variable at date t. That expectations be self-ful¯lling requires that, for each state s, the induced market clearing value x t equal h(x t¡1 ; s).
We examine FSE in two canonical models|a linear formulation and the basic Overlapping Generations (henceforth, OLG) model. The standard linear formulation is considered by Chiappori, Geo®ard and Guesnerie (1991) in their study of stationary sunspot equilibria (henceforth, SSE) in multi-dimensional models, and has also been used extensively in the more recent literature on learning which followed Marcet and Sargent (1989) . The linear case is a useful benchmark case to study; also, as a local approximation to a general nonlinear formulation in an appropriate vicinity of a determinisitic steady state, it gives insight into the nature of the more general problem. The standard OLG formulation, with two period lived agents, one consumption good and a constant stock of money, is one of the basic paradigms for studying macroeconomic issues, in particular, those relating to multiplicity of equilibria and stochastic°uctuations. The perfect foresight dynamics of the model are well documented in the literature as are issues related to the existence of SSE (Azariadis 1981, Azariadis and Guesnerie 1986) .
In the linear case, we¯nd that FSE exist for all parameter con¯gurations, in particular, for con¯gurations under which the perfect foresight dynamics diverge from the steady state so that the steady state is determinate, a case where SSE do not exist. For¯nite state Markov Chains of all orders, and independently of the determinacy of the perfect foresight dynamics, we show the possibility of obtaining stochastic equilibria that display bounded°uctuations of the state variable. In the OLG case also we demonstrate the existence of FSE for all parameter con¯gurations; in particular, we obtain existence when demand functions have the gross substitutes property so that the perfect foresight dynamics converge to autarky for any initial condition and SSE do not exist. Furthermore, we exhibit FSE along which, in the gross substitutes case, the dynamics of the state variable (the level of real balances)°u ctuates forever between the monetary steady state and the autarkic one without ever converging to either, while, for preferences that lead to backward bending o®er curves, the state variable oscillates forever around the monetary steady state. Wē nd that a necessary and su±cient condition for the existence of FSE is that the Markov transition matrix be singular and that there exist a set of values for the state variable in which the perfect foresight dynamics are well de¯ned and the set is invariant in the \forward" dynamics.
In an FSE, the dynamics of the state variable inherently depend on the past value of the state variable through functions that are state dependent but, nonetheless, self-ful¯lling. Hence, an in¯nite time horizon is essential to obtaining FSE. In fact, FSE subsume SSE in that SSE appear as special cases of our formulation where the state dependent belief functions reduce to statewise constants; 3 however, the canonical two period model is not a suitable domain for FSE so that the sunspot equilibria in those models (Cass and Shell 1983 ) cannot be obtained as FSE. In the absence of extrinsic uncertainty, FSE coincide with possibly nonstationary perfect foresight solutions of the model (while SSE coincide with stationary solutions). When compared to SSE, FSE are shown to exist much more generally and display substantially richer stochastic dynamic behaviour.
This paper shows that the intuition that the existence of equilibria driven by extrinsic uncertainty is tied to indeterminacy of the perfect foresight dynamics around a steady state is not entirely true. There exists a generalization of SSE which permits the existence of stochastic equilibria driven by extrinsic uncertainty independently of the determinacy, or the lack of it, of the perfect foresight dynamics. The¯ndings indicate that the problem of multiplicity of rational expectations equilibria may be considerably more severe than believed.
We mention two issues that require further investigation. The welfare properties of SSE are easily studied; it is known that they are ex-ante ine±cient and whether they are optimal under a weaker (conditional) notion of optimality is easily checked using the \unit root property" due to Aiyagari and Peled (1991) . In the case of FSE, it is easy to show that they too are ex-ante ine±cient; however, their welfare properties under a conditional notion of optimality are not clear since they induce nonstationary paths. An answer requires the use of the criterion for optimality developed by Chattopadhyay and Gottardi (1999) and poses an interesting challenge. Also, the relation between FSE and the more general class of sunspot equilibria studied by Woodford (1986) and Woodford (1994) poses interesting questions.
Since FSE are built on \backward looking" belief functions, we need to discuss whether the postulate is reasonable. As we now argue, the postulate is essential to obtaining well de¯ned sequences of temporary equilibria with self-ful¯lling expectations. In order to obtain a unique temporary equilibrium at date t, it is imperative to \tie down" the forecast x e t+1 and a well documented feature of temporary equilibrium models shows that the only way to do so is to look backwards and specify x e t+1 as a function of the past of the economy.
4 So it is natural to set x e t+1 = h(h(x t¡1 )), as in models of learning (e.g. Marcet and Sargent 1989, Grandmont and Laroque 1991) , obtaining thereby a unique temporary equilibrium at date t, since x t¡1 is a predetermined variable, and generate well de¯ned sequences of temporary equilibria with self-ful¯lling expectations. The problem outlined above does not show up in the case of SSE since there the equilibrium notion associates to each state s a unique constant x s thus tying down x e t+1 via x s(t) . Since we consider more general state dependent self-ful¯lling functions, we run into the di±culty sketched above unless the belief functions are \backward looking". Section 2 of the paper introduces FSE in the linear model with belief functions that are linear in the state variable and are thus characterized by a scalar that determines the rate of adjustment of the state variable across successive periods.
It shows that there is a considerable degree of freedom in specifying self-ful¯lling belief functions in that model, i.e., multiplicity of equilibria is the rule. Furthermore, 4 We recall an argument from Grandmont and Laroque (1991) to illustrate this point. Assume that forecasts are point forecasts, that there is no uncertainty, and that the market clearing relation is given by T (x t ; x e t+1 ) = 0 with T (¹ x; ¹ x) = 0. Under the regularity condition that the partial derivative of T with respect to the¯rst argument evaluated at ¹ x does not vanish, one can¯nd a belief function h(x) that is well de¯ned and unique around ¹ x and which satis¯es T (x; h(x)) = 0 for all x in some neighborhood of ¹ x. Hence, it is impossible to de¯ne a unique temporary equilibrium fully determined by the current value of the state variable x t since, at date t, each x in an open set can serve as an temporary equilibrium with self-ful¯lling expectations.
it shows how one can construct stochastic equilibria displaying recurrent bounded°u ctuations for all speci¯cations of the deterministic law of motion|in particular, for the case where the perfect foresight dynamics are explosive. Section 3 extends the analysis to the standard OLG setting, and demonstrates the possibility of obtaining stochastic bounded°uctuations driven by extrinsic uncertainty in all environments, in particular for gross subsitute economies, when one allows beliefs of agents to be given by state dependent functions. Section 4 concludes the paper.
The Linear Case
In this section we consider an economic model where the state variable is onedimensional and where the function linking the current value of the state variable with its forecasted value is linear. It is convenient to work with a function in deviations of the state variable from its unique steady state value, which is denoted
The function is accordingly expressed as
( 1) where 0 is the unique steady state of the system. Set k := a ¡1 ; k determines the stability of the perfect foresight dynamics associated with the map (1).
How should the agent go about determining x e t+1 ? Earlier work that studies the issue of convergence to rational expectations equilibria in such models gives us a lead and edges us towards a forecasting process that is \backward looking".
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This requires that the forecasting schemes employed by agents do not depend on the current value of the state variable; equivalently, the information structure that agents are assumed to have access to does not contain the current value of the state variable. Given that we are interested in analysing a case where agents forecasts are not time invariant statewise constants but functions that map past states into future ones, the information structure we work with is the natural one to consider.
In our framework then, agents' forecasting process is \backward looking". Specifically, agents believe in a law of motion for the state variable of the form x e t = h(x t¡1 ). In our linear framework in the absence of extrinsic uncertainty, a typical agent's beliefs will be assumed to be described by a function h(x) =¯x, and the information available to the agent at date t, the time at which the forecast has to be made, includes all realizations of the state variable up to and including t ¡ 1. An agent, accordingly, iterates twice on the belief h to generate the forecast
The actual dynamics of the system are obtained by combining (1) and (2) to obtain x t = a¯2x t¡1 :
We now turn to the existence of self-ful¯lling belief functions. As in Marcet and Sargent (1989) , these are obtained by considering the¯xed points, in¯; of the function -(¯) = a¯2. -has two roots, 1 1 = 0; 1 2 = 1 a which are the two self-ful¯lling belief functions in the absence of extrinsic uncertainty in the model.
With the groundwork in the deterministic case behind us, we can turn to the subject matter of this paper.
We wish to permit the possibility that agents believe that the realizations of a random process a®ects the law of motion of the economy. Speci¯cally, we assume that agents observe a¯nite N state Markov Chain, taking values ¹ s , s = 1; ¢ ¢ ¢ ; N , and with transition matrix ¦ with typical entry ¼ ij (the probability of transiting to state j next period conditional on being in state i this period). Without loss of generality, we set ¹ s = s.
As a useful aside, we begin with a review of the usual argument for the existence of and the information structure behind SSE in the linear model. For ease of exposition we restrict attention to the case of a two state Markov Chain so that s = 1; 2.
A two state SSE is a quadruple (x 1 ; x 2; ¼ 11 ; ¼ 21 ) that satis¯es the following system of equations
where ¼ s1 2 [0; 1] for s = 1; 2. Clearly, solutions exist with non-degenerate probabilities and with x 1 6 = x 2 if and only if jkj < 1: The usual story accompanying the above formulation is the following: Before going to the market at date t, agents observe s t , the sunspot realization at date t, and predict the next period's price distribution conditional on this observation. The consistency condition one imposes on the agents' beliefs is that they be self-ful¯lling, that is, state s in period t results in x s clearing the market in period t. This leads to the system of equations above the solutions to which are SSE. Now consider the information structure wherein, at date t, agents have information upto date t ¡ 1 on the state variable and also know the realization of the sunspot at date t, denoted s t . They believe that the function taking x t¡1 to x t is determined by the realization s t ; the belief functions are accordingly expressed as x e t = h(x t¡1 ; s) with h(x t¡1 ; s) =¯sx t¡1 . The forecasts are the natural extension of the deterministic case as described in (2): At date t, agents forecast x t+1 before they observe x t and s t+1 so the forecast is given by the expected value of x t+1 conditional on x t¡1 and s t . One obtains, therefore, the following forecasting rule given that
A natural consistency requirement on the beliefs of agents is that the state dependent belief functions be self-ful¯lling. This requires that, given that the state in period t is s, one indeed has that the actual value of x t that results when agents form their forecast based on their belief, coincides with h(x t¡1 ; s): Since the actual value of x t , given the forecasting scheme (4), is obtained by combining (4) with (1), self-ful¯lling beliefs require that for each state s, one has
The linearity of the primitive map (1) allows one to express the requirement for self-ful¯lling beliefs independently of x and solely in terms of the beliefs¯as
One can simplify (5) further so that the requirement of self-ful¯lling beliefs reduces to the existence of solutions to the following system of equations
Since ¦ is a stochastic matrix, P N j=1 ¼ sj = 1 for all s = 1; ¢ ¢ ¢ ; N . It follows that the system of equations which we wish to solve is
where, 1 N is a column vector of 1s, and 0 N is a column vector of 0s.
We can now analyze the existence problem. If ¦ is singular, then there exists a vector z 2 R N , z 6 = 0 N , such that ¦ ¢ z = 0 N . z i 6 = z j for some i; j since otherwise z i = z 1 6 = 0 for all i = 1; ¢ ¢ ¢ ; N , implying that
which is a contradiction. It follows that by de¯ning¯¤ s := z s + k,¯¤ solves the system of equations and has the property that¯i 6 =¯j for some i; j. Hence, the singularity of ¦ is a su±cient condition for the existence of self-ful¯lling solutions with extrinsic uncertainty being Notice that the system of equations whose solutions are SSE can be written as
where I N is the N-dimensional identity matrix. By comparing (6) and (7) it should be clear that, even though FSE generate SSE as special cases, the conditions for existence of the two kinds of equilibria are very di®erent. We now turn to the existence of solutions to (6) such that the induced dynamics of the state variable x display persistent bounded°uctuations along a set of sample paths that has probability one. We show that for all speci¯cations of the parameter a, there exist solutions such that the dynamics of the state variable remain bounded and do not converge to 0 with probability one. In particular, we show this possibility for the case jaj < 1, so that the perfect foresight dynamics are explosive, or, equivalently, the steady state is determinate in the perfect foresight dynamics.
For any collection of numbers¯1; ¢ ¢ ¢ ;¯N satisfying the condition (ii) of Proposition 1, let ¼ s (¯1; ¢ ¢ ¢ ;¯N ), s = 1; ¢ ¢ ¢ ; N , be the transition probabilities associated with a transition matrix ¦ with identical rows, all of whose entries are nonzero, such that the collection [¯1; ¢ ¢ ¢ ;¯N ; ¦] constitute a solution to the system (6). Since ¦ has identical rows, any row serves as the limiting distribution of probabilities over states independently of the initial probability distribution over states that the system begins with. In what follows, we will¯x all the¯s values except¯1; which we will vary in a subset of the unit interval. We will work with a collection ¼ s (¯1; ¢ ¢ ¢ ;¯N ) of functions that vary continuously with¯1: It is apparent from (6) that such a continuous choice of the functions can be made.
If one lets Y s = lnj¯sj and considers the sequence of random variables Y s(t) , where Y s(t) takes one of N possible values Y s ; s = 1; ¢ ¢ ¢ ; N , requiring x t to be bounded along a sample path is equivalent to requiring ln jxtj jx 0 j = P t ¿=1 Y s(¿ ) be bounded above along that sample path. Likewise, requiring that x t not converge to 0 along a sample path is guaranteed by requiring that ln
be bounded below along that sample path. The sum
can equivalently be computed as t P N s=1 n ts Y s where n ts is the proportion of the occurence of state s upto date t along the sample path in question. By the strong law of large numbers for Markov Chains, with probability one, n ts ! ¼ s (¯1; ¢ ¢ ¢ ;¯N ), s = 1; ¢ ¢ ¢ ; N: Thus the limiting behaviour of the sum
is in fact, with probability one, determined by the expression t
In order for the sum
to be bounded (above and below) along a sample path, the expression in (8) must equal zero. We next demonstrate a solution [¯1; ¢ ¢ ¢ ;¯N ; ¦] to the system (6) such that this expression is equal to zero. Fix¯¤ s , s = 2; ¢ ¢ ¢ ; N , each with the same sign as k and satisfying (i) j¯¤ s j > jkj for some s 2 f2; ¢ ¢ ¢ ; N g and (ii) j¯¤ s j > j1j for all s;¯xing thereby the numbers Y ¤ s ; s = 2; ¢ ¢ ¢ ; N: Consider now the expression in (8) with these values of¯¤ s held xed and¯1 varying across values that have an opposite sign to k, and in the interval j¯1j < 1: Noting that as¯1 varies, so does Y 1 = lnj¯1j; as¯1 goes to 0, the induced expression appearing on the right hand side of (8) becomes negative, while as j¯1j tends to 1, the expression becomes positive. Since the limiting probabilities ¼ s (¯1; ¢ ¢ ¢ ;¯N ), s = 1; ¢ ¢ ¢ ; N , vary continuously in¯1; there exists a¯¤ 1 such that (8) holds.
One has therefore Proposition 2: ( Recurrent Fluctuations) Consider an economy whose law of motion is given by (1) where a 6 = 0 and¯x N¸2: Fix¯¤ s , s = 2; ¢ ¢ ¢ ; N; each with the same sign as k and satisfying (i) j¯¤ s j > jkj for some s 2 f2; ¢ ¢ ¢ ; N g and (ii) j¯¤ s j > j1j for all s: One can then¯nd a¯¤ 1 , satisfying 0 < j¯¤ 1 j < 1, such that there exists a stochastic equilibrium induced by¯¤ 1 ; ¢ ¢ ¢ ;¯¤ N with the property that the set of sample paths along which the dynamics of the state variable x remain bounded above and away from zero, has probability one.
Proposition 2 above suggests that one may obtain endogenous bounded°uctu-ations driven by extrinsic uncertainty in a linear framework independently of the determinacy of the perfect foresight dynamics. Bounded°uctuations however have two shortcomings|the¯rst is that they are driven by the equality in equation (8) which suggests that they might be a \knife edge" property even though there are in¯nitely many solutions displaying bounded°uctuations. This is however due to the linearity of the model. As we see in the next section, in a well articulated nonlinear model, boundedness is no longer an issue and can arise naturally from the structure of the model. Secondly, though the state variable remains bounded along almost all sample paths, this bound will be speci¯c to the sample path in question.
It is impossible to get a uniform bound in this framework since a large number of shocks that lead to¯s values that have modulus greater than one may cause the state variable to violate any a priori¯xed bound. This too is tied to the linearity of the framework. This problem too will disappear in the subsequent analysis.
An Overlapping Generations Formulation
Consider the standard overlapping generations model with two period lived agents, one perishable commodity and a constant stock of¯at money. The utility function of an agent is denoted u(c 1 ) + v(c 2 ) where c 1 ; c 2 are consumption when young and old respectively. Endowments are ! 1 ; ! 2 respectively. The stock of money is normalized to unity. The following standard assumptions will be made A.1: u and v are continuous on [0; +1) and twice continuously di®erentiable on (0; +1) with u
< 1 so we are in the Samuelson case.
We formulate the dynamics of the model in terms of the level of real balances, i.e., by the inverse of the price of the consumption good with the price of money normalized to one. This normalized price is denoted x:
In what follows, it will be convenient to denote
In the absence of sunspot activity in the model, the equilibrium price at a date, denoted x, is determined, givenx, which denotes next period's price, according to the following¯rst order condition:
As x varies, we can generate a correspondence H(x) whose values are the set ofx that solve (9) for each value of x. Let A := f(x; H(x))g; A is obtained by re°ecting the agents' o®er curve with respect to the vertical axis. Under A.1, U is a monotone increasing function and both U and V are di®erentiable. This ensures that A is the graph of a di®erentiable function with the second coordinate as the independent variable. Furthermore, there is a unique ¹ x such that (¹ x; ¹ x) 2 A, i.e., a steady state which happens to be unique and positive under A.1.
Suppose agents employ a deterministic forecasting rule under which x t+1 = h(x t ).
Since x t is not known when the forecast is made, one has x t+1 = h(h(x t¡1 )): A selfful¯lling forecasting function h must satisfy then that
for all x t¡1 in some appropriate set; equivalently, h must be a selection from H. If we have the additional property that x t¡1 2 D ) h(x t¡1 ) 2 D then the requirement (10) reduces to the existence of D and h such that
so that D is invariant for h and h is a selection from H. We now examine the case where the agents' forecasting function depends on an N state Markov chain with state s = 1; ¢ ¢ ¢ ; N: The forecasting functions are denoted h(x; s); s = 1; ¢ ¢ ¢ ; N , with domain D. In order to be self-ful¯lling, these functions must be such that
and satisfy the following equations, which are the analogues in the present stochastic context of (11):
Suppose that we have a pair D and h where D is a non-degenerate interval that is invariant for h and h is a selection from H. We show below that provided V is continuous (which is guaranteed by A. that have a very simple structure|ones for which the probability of transiting to a particular state is independent of which state one starts in.
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We can now state a result.
Proposition 3: Assume that V is continuous. Then, for any N > 1 and any ¦ which is singular, an FSE exists if there exists a pair D and h where D is a non-
for all x 2 D, so that D is invariant for h and h is a selection from H. Furthermore, if an FSE exists for ¦ then (i) ¦ must be singular, (ii) for N = 2 the rows of ¦ must be identical, and (iii) for N > 2 there exists an FSE for the same economy and¦ where the rows of¦ are identical.
¦ ¢ z = 0 N ; k z k= 1g. Clearly, if ¦ is singular, then Z 6 = ;; furthermore, for z 2 Z, z i 6 = z j for some i; j, since otherwise z i = z 1 6 = 0 for all i = 1; ¢ ¢ ¢ ; N , implying that ¦ ¢ z = z 6 = 0 N , since
Let z : D ! Z be a function, and let ® : D ! [0; 1] be a function which satis¯es
It is easily checked that if Z is nonempty then the inequalities above do have solutions.
We can now prove existence of FSE. De¯ne h(x; s) := V We proceed to check that (13) holds for the functions h(¢; s) as de¯ned. Since we started with a pair D and h where D is invariant for h and h is a selection from H, (11) holds, which, when combined with (13) leads to
for all x 2 D and s = 1; ¢ ¢ ¢ ; N . The fact that ¦ is a stochastic matrix lets us write the system of equations that needs to be solved as
where, 1 N is a column vector of 1s, and 0 N is a column vector of 0s. If we assume that ¦ is singular then Z 6 = ; and it follows that ¦ ¢ ®(x)z(x) = 0 N since k z k= 1 and ®(x) 2 [0; 1]. It is straight forward to check that the functions constructed do indeed solve (14). This completes the proof of the proposition.
We now show that under A.1 FSE always exist since the existence of a invariant self-ful¯lling belief function is guaranteed. For ease of exposition we consider diferent classes of economies.
For the¯rst class of economies, we assume that the o®er curve is monotone. This requires that V be monotone increasing or that
for all x > 0:
It is well known that, under A.1 and A.2, (11) While Corollary 1 establishes the existence of FSE, it does not provide information about the possible shapes of the various h(¢; s) functions that may appear as solutions to the system of equations that de¯ne FSE. There is in fact a considerable degree of freedom in specifying these functions and one may consequently obtain dynamics of the state variable in an FSE which di®er from the perfect foresight dynamics in important qualitative ways. It is well known that for the case of Gross Substitute economies, the perfect foresight dynamics, when restricted to invariant sets of the form speci¯ed in Corollary 1, converge to the autarkic steady state 0.
We specify below an example of FSE where the dynamics of the state variable, with probability one, oscillate between the monetary steady state and the autarkic one for ever without converging to either. Speci¯cally, we take D := [0; ¹ x] and N = 2 and obtain solutions h(¢; s); s = 1; 2, with the property that under the action of h(¢; 1); the state variable is pulled towards the monetary steady state ¹ x , while under the action of h(¢; 2), it is pulled towards the autarkic steady state x = 0. We obtain these solution functions in a straight forward constructive manner which is described as an example below. It follows that V (h(x)) < V (h(x; 1)) for all x 2 (0; ¹ x) since V is increasing under A.2. Choose ¼ 2 (0; 1) such that ¼V (h(x; 1)) · V (h(x)) for all x 2 [0; ¹ x]. Clearly, such a ¼ exists since
for all x 2 [0; ¹ x]; by the inequality above, h(¢; 2) is well de¯ned. It is immediate that h(0; 2) = 0 and h(¹ x; 2) = ¹ x, since we know that h(0) = h(0; 1) = 0 and h(¹ x) = h(¹ x; 1) = ¹ x. From (11) and (13), h(¢; 1) and h(¢; 2) constitute an FSE if ¼V (h(x; 1))
we have constructed an FSE since h(¢; 2) was de¯ned so as to satisfy the equation. We now show that h(x; 2) < h(x) for all x 2 (0; ¹ x). Express (13) as
). Since h and h(¢; 1) are increasing functions and h(x; 1) > h(x) for all x 2 (0; ¹ x) by construction, and V is an increasing function, one has V (h(x; 1)) > V (h(x)) and so V (h(x; 2)) < V (h(x)) which implies in turn that h(x; 2) < h(x) for all x 2 (0; ¹ x). Finally, note that the construction imposes a very mild condition on lim x!0 h 0 (x; 1); the derivative could exceed one thus ensuring nonconvergence to the autarkic steady state.
The FSE described in the example is of a particularly simple type with the two functions lying on either side of the 45 degree line through the origin. Therefore, under the action of h(¢; 1); the state variable x is monotonically pulled towards the monetary steady state while under the action of h(¢; 2); it is monotonically pulled towards the autarkic steady state. Under the stochastic dynamics therefore, the state variable, with probability one, oscillates forever between the two steady states. It should be clear that these are by no means the only possible speci¯cations. The model admits other shapes of these functions that need not be monotone and hence the dynamic laws may be more complex than those outlined under the example.
We turn to the case where A.2 does not hold. The o®er curve must bend backwards and there exists x In either case h can be speci¯ed to make D invariant.
The solutions described in Corollaries 1 and 2 have the property that they cannot be bounded away from the autarchic steady state. 
Concluding Remarks
In this paper we introduced FSE, an equilibrium concept that subsumes SSE, and demonstrated conditions under which they exist. We note the extreme degree of°exibility that one has in constructing FSE. There is no requirement that h be continuous and the set Z, the null space of ¦, can be large. This shows once again that the requirement of self-ful¯lling beliefs in itself is very weak and far from letting one pin down the equilibrium behaviour of economic systems. 7 In our analysis, the multiplicity is driven by the fact that the state variable is endogenous and described by a function relating values across successive periods without tying it down.
It remains to investigate the welfare properties of FSE under a conditional notion of optimality and the connection between FSE and the general class of sunspot 6 Many of the sunspot equilibria discussed in Woodford (1994) have the same feature. 7 Cass and Shell (1983) made the same point in their seminal work on sunspots.
15 equilibria studied by Woodford (1986) and Woodford (1994) . Given the large degree of multiplicity of FSE, it would also be interesting to investigate which of these might be stable under adaptive learning rules.
